
SOME REGULARITIES OF THE TURBULENT PRESSURE 

FIELD IN THE BOUNDARY LAYER ON A FLAT PLATE 

A. V. S m o l ' y a k o v  

In this paper we present  the resu l t s  of calculations of the space corre la t ions  of the random 
pres su re  field which acts on the surface of a flat plate out of a fully developed turbulent 
boundary layer .  Calculations are  per formed on the basis of available experimental  data on 
the c r o s s - s p e c t r a l  density of the turbulent p r e s su re  fluctuations. It is found that the space-  
t ime corre la t ions  have an explicitly expressed form similar i ty .  This is used as a basis for 
deriving a simple approximate relat ion between the modulus of the normal ized c r o s s - s p e c -  
t ra l  density, the energy spectrum, and the maxima of the space- t ime corre la t ion  coefficient. 
The resul ts  of e lementary calculations per formed on the basis of the obtained relat ion are  
shown to be almost  identical with those obtained on a digital computer from exact formulas.  

1. The solution of numerous p rob lems  requi res  information on various stat ist ical  cha rac te r i s t i c s  of 
the turbulent boundary layer ,  which include the charac te r i s t i cs  of the turbulent p r e s su re  field. Among such 
problems are  the aerodynamic noise generated by the boundary layer  during the motion of flight vehicles [1, 
2], the buildup of vibrations in elast ic  s t ruc tures  situated in a flow [3, 4], the generat ion of wind-waves at 
the free surface of a fluid [5], and m a n y  others.  Fur the rmore ,  knowledge of the statist ical  cha rac te r i s t i c s  
of the p res su re  field is requi red  for better understanding of the s t ruc ture  of the turbulent boundary layer.  
The subject of theoret ical  and experimental  investigations in incompressible  fluid boundary layers  is f r e -  
quently a complex function, namely the c r o s s - s p e c t r a l  density of p r e s su re  fluctuations at the plate surface:  

I ~ (1.1) P (~, co) = ~ -  R (~. ~) exp (-- ic0~) d~ 
- - c o  

where R(~, ~') = < p ( x , t )  p(x + ~,  t + ~-)> is the space- t ime corre la t ion  of fluctuations of p r e s su re  p in a 
field s tat ionary with respec t  to t ime t and uniform with respec t  to spacez ;  t: and T are  the spatial (in the 
plane of the plate) and the time interval between the observat ion points, respect ively;  and w is the angular 
frequency of the pulsations. The fact that among all the statist ical  cha rac te r i s t i c s  the c r o s s - s p e c t r a l  den- 
sity is par t icular ly  appealing to invest igators  may be attributed to the possibil i ty of it being measured  with 
minimum distort ion [6]. 

However, in the solution of actual problems associated with turbulent p re s su re s ,  it is frequently more  
convenient to possess  information on the corre la t ions  R(~ ~-) ra ther  than on the c r o s s - s p e c t r a l  density. In 
principle,  it is always possible to calculate R(g, T) f rom the known function P( ~, co) with the aid of Four i e r  
t r ans fo rms  inverse to (1.1), 

co ( 1 . 2 )  
B (~, ~) ~--- I P (~' 0)) exp (io)~) do) 

- - c O  

Such calculations, however, are  ex t remely  cumbersome,  and the use of a computer  is unavoidable whenever 
R(~,~-) has to be determined for a wide range of ~ and ~-. 
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Fig~ 1. Coefficient of longitudinal spatial 
correlations; curves 1, 2, 3, 4, and 5, cor- 
respond to exact computer calculations 
from formula (1o2) for ~o = 0.10, 30, 60,and 
~~ = 0, respectively; the open circles cor- 
respond to approximate calculations from 
formula (3.4) and spect rum (2.3); curve 6 
cor responds  to approximate calculations 
from formula  (4~ spectrum (4.1). 
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Fig, 2, Similari ty of the 
space- t ime  corre la t ions ;  
curve 1 cor responds  to exact 
computer  calculat ions for the 
range ~~ = 0-120; curve 2 
cor responds  to approximate 
calculations from formula 
(4.3)~ 

But there exists another approach, by means of 
which fair ly simple approximate expressions can be ob- 
tained, whose accuracy  is nevertheless  quite sat isfactory.  
In the following, it will be shown that this is possible d u e  
to the existence of a specific relationship between the en-  
ergy spect rum and the modulus of the c r o s s - s p e c t r a l  den- 
sity of turbulent p re s su res .  

2. In the following we use an expression for the 
c r o s s - s p e c t r a l  density in a form proposed by Corcos [7]: 

p(0, ~) =A~-UT0)B ~ exp --~ U~-o (2.1) 

where P(0, w) is the spectral  energy density of the tu rbu-  
lent p r e s su re  pulsations ( or the c r o s s - s p e c t r a l  density for 
a zero  spatial interval); ~ and ~? are  the components of 
vector  ~that  are  parallel  and perpendicular  to the d i r e c -  
tion of the averaged flow velocity in the boundary layer,  
respect ively;  A and B are the moduli of the normalized 
longitudinal and t r ansve r se  c r o s s - s p e c t r a l  densities, r e -  
spectively; and U 0 is the phase velocity of the co r re spond-  
ing frequency component of the p res su re  field. 

Numerous measurements  per formed by var ious  in- 
ves t igators  [8-10] justify the use of representa t ion (2~ 
at least  for a wide range of ~ and w. The moduli A and B 
measured  a re  sa t i s fac tor i ly  approximated by the expo- 
nential functions 

A:exp(--~l~l~ ] '  B ~ e x p ( - - ~ - - I  o~~ / (2.2) 

and although the values of ~, fi, and U 0 differ somewhat in 
the var ious  tests,  the data spread is moderate  and the data 
may be assumed to concentrate  in the intervals ~ = 0~ 
0.10,/3 = 0.55 to 0.60, and U 0 = (0.7-0.8) U1, where U 1 is 
the averaged flow velocity at the outer edge of the bound- 
a ry  layer.  

Ext remely  thorough measurements  of the energy 
spect rum P (0, w) of the p res su re  pulsations on a f latplate 
have been performed,  in part icular ,  by Willmarth and 
Wooldridge [11] and by Wil lmarth and Roos [ 8]. The data 
on the energy spectrum obtained in [ 8] are  general ly  con-  
s idered to be highly reliable.  The analytical express ion 

P (0, ~) Us t.27 ~05" (2.3) 
I I (~ ) :  <p%5* --lq-exp(1.237~ 0.~5) p"~-- U1 

provides a good approximation to the data [ 8]. 

Here  5 .  is the boundary layer  displacement thickness,  and < p2> is the dispersion of turbulent p r e s -  
sure  pulsations at the plate surface.  

The energy spect rum (2.3) and the c r o s s - s p e c t r a l  density (2ol) for ~ = 0.088 were used to calculate the 
longitudinal (~? = 0) space- t ime corre la t ions  from formula (1.2) with the aid of a "Promin"  digital computer .  
Automatic sampling (for each value of ~ and ~') was p rog rammed  for an integration step for which the e r r o r  
of the trapezoidal  rule did not exceed 0.5%~ The upper and lower bounds of integration were selected f rom 
the condition of achieving machine zero  for the c r o s s - s p e c t r a l  density. Some of the computed resul ts  are  
shown in Fig. 1. It may  be seen from the curves  that the peak values of the corre la t ion  coefficients 
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Fig. 3. Curves  1, 2, 3, 4, 
and 5 c o r r e s p o n d  to 
L = 1.0, 0.63, 0.40, 0.25, 
0.10; c u r v e  6 c o r r e s p o n d s  
to the exponential  s p e c t r u m  
(4.1). 
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Fig. 4. Curves 1, 2, 3, and 
4 correspond to the left-  
hand side of (3.4) for  
L = 0.63, 0~ 0.25, and 
0.10; c u r v e s  1% 2' ,  3 ' ,  and 
4 r c o r r e s p o n d  to 
exp .  ( -0 .088  ~ ] ~ [) for 

~ = 2.5, 9.0, 1%5, and 
56.0. 

L (t ~ = ~ R ~t, �9 = , t~ : -  ~*uo 
(2.4) 

f i r s t  i n c r e a s e  r ap id ly  and then d iminish  slowly with inc reas ing  d is tance  ~ ~ 
between the obse rva t ion  points ,  the c o r r e l a t i o n  funct ions growing  m o r e  and 
m o r e  shallow. All this  is in good a g r e e m e n t  with d i r ec t  c o r r e l a t i o n  m e a -  
s u r e m e n t s  [11]. The fact  tha t  the  a r e a s  below the c u r v e s  r (~, r )  = <p2 >-1R 
(~, ~-) a r e  not Mike is not su rp r i s ing ,  s ince  it is  a d i r ec t  consequence  of the 
r e p r e s e n t a t i o n  of the c r o s s - s p e c t r a l  dens i ty  in the f o r m  of (2.1) [7]. Much 
m o r e  unexpected  is the s i m i l a r i t y  of  the shape of the s p a c e - t i m e  c o r r e l a -  
t ions for  a r b i t r a r y  va lues  of ~~ and 0 = TUv/5*o In spi te  of  it being c l e a r l y  
seen in Fig.  2, this  fact  could not be p red ic t ed  a p r io r i .  The r e a s o n  for  this  
s u r p r i s i n g  r e s u l t  will  be explained below, but its except ional  use fu lness  
should be noted at this  point. I t  c o n s i s t s  in the fact  that  in o r d e r  to plot  the 
en t i re  f ami ly  of R(~, ~-) cu rves ,  t he re  is appa ren t ly  no need to in t roduce  
F o u r i e r  t r a n s f o r m s  (1.2) for  all the poss ib le  combina t ions  of ~ and T. It  is 
suff ic ient  to se t  T = ~/U0, t he r eby  defining the shape of the cu rve  L(~ ~ for  
the peaks  of  the fami ly  <p2 >-1R (~, T); on the o ther  hand, any of the c u r v e s  
of this  fami ly  can be r ead i ly  obta ined f r o m  the a u t o c o r r e l a t i o n *  

cx~ 

R (0, ~) = f P(0, ~) exp (i~) d(0 (2.5) 
0 

by affine t r a n s f o r m a t i o n  of the coo rd ina t e s  with the  aid of the sca le  L(~') 

R (~, ~) = LR [0, L (~ -- ~ / U0)] (2.6) 

3. F o r m u l a  of the Spect ra l  Rela t ions  S imi l a r i t y  (2.6) of  the c o r r e l a -  
t ions  does  not de r ive  f r o m  anywhere ,  and in o r d e r  to unders tand  why it is 
fulfil led, it is  advisable  to examine  the i nve r se  p rob lem:  to a s s u m e  tha t t h i s  
s i m i l a r i t y  ex i s t s  and to a t t empt  to der ive  f r o m  h e r e  poss ib le  consequences .  

On the bas i s  o f  (1.1), (2.1), and (2.6), we m a y  wr i t e  

Af te r  the  change  of v a r i a b l e s  .~ = 

P (0, ~o) A (to:, / Uo) exp (-- ia)t / Uo) -~ 

- -  2~ L R  [0, L (~ -- ~ / Uo)] exp (-- icon) d~ 
--CX3 

L r ,  • = w / L ,  the r i g h t - h a n d  s ide of (3.1) t akes  the f o r m  

(3.1) 

1 ~ (3.2) 
2--~ R (0, ~ -- Lt / U0) exp (-- i X~) d~ 

In t eg ra l  (3.2) m a y  be t r e a t e d  as  the s p e c t r u m  of a function with a t ime lag A,~ = L~/U0,  As we know 
[12], t h e  s p e c t r u m  PA (• of the lagging function R (,5 - -AJ ) is r e l a t e d  to the s p e c t r u m  P(~) of funct ion 
R(0)  by the r e l a t ion  

P~ (~) : P (X) exp (-- ~h~) (3.3) 

By c o m p a r i n g  (301), (3.2), and (3.3), and re tu rn ing  to the init ial  v a r i a b l e s ,  we a r r i v e  at the r e l a t i on  

P (O, o) / L) (-~o ) (3.4) 
e(0, ~) = A  

which m a y  be t e r m e d  the f o r m u l a  of  s p e c t r a l  r e la t ions .  It shows that  the modu lus  of the n o r m a l i z e d  long i -  
tudinal  c r o s s - s p e c t r a l  dens i ty  is equal to the ra t io  of  the e n e r g y  s p e c t r u m  t r a n s p o s e d  L -1 t i m e s  in f r equen -  
cy  with r e s p e c t  to the  r e a l  e n e r g y  s p e c t r u m .  
*The  value  of the lower  bound of  the in tegra l  (2.5) t akes  into account  that  the expe r imen t a l l y  d e t e r m i n e d  
s p e c t r u m  P (0, w) is "un i l a te ra l " ,  i .e . ,  not all the e n e r g y  is a s s u m e d  to be d i s t r ibu ted  so le ly  in the r eg ion  
O)-->0. 
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The  s t r u c t u r e  of  the  r e l a t i o n s h i p  ob ta ined ,  howeve r ,  r e q u i r e s  tha t  for  f i x e d  ~, U0, and L, the r i g h t -  
and l e f t - h a n d  s i d e s  of (3.4) p o s s e s s  the  s a m e  f r e q u e n c y  dependence .  I t  i s  obv ious  tha t  for  a r b i t r a r y  func -  
t i ons  P ( 0 ,  w) and A(w~/U0) ,  t h i s  r e q u i r e m e n t  need  not a lways  be fu l f i l l ed .  If,  fo r  e x a m p l e ,  m o d u l u s  A i s  
g iven  in the  f o r m  of  the  exponen t i a l  c u r v e  (2.2), r e l a t i o n  (3.4) can  be r i g o r o u s l y  s a t i s f i e d  only  if  the  e n e r g y  
s p e c t r u m  h a s  the a n a l y t i c a l  f o r m  

P (0, o) ~ exp (-- yc0), y = const (3.5) 

In our  c a s e ,  on the  b a s i s  of e x p e r i m e n t a l  data ,  we adop ted  r e l a t i o n s  (2.3) and (2.2), fo r  which  f o r m u l a  
(3.4) canno t  be  a b s o l u t e l y  c o r r e c t .  A s  a c o n s e q u e n c e ,  wi th  r e s p e c t  to the  da ta  shown in F ig .  2, i t  m a y  be 
d e f i n i t e l y  s t a t e d  tha t  in sp i t e  of  the conv inc ing  m a t c h i n g  of  the  c u r v e s  R (~, ~), c a l c u l a t e d  on a c o m p u t e r ,  
t h e i r  s i m i l a r i t y  was  not s t r i c t .  N e v e r t h e l e s s ,  i t  i s  not d i f f i cu l t  to s e e  (F ig .  3) tha t  s p e c t r a  (2.3) and  (3.5) 
d i f f e r  on ly  s l igh t ly .  T h i s  is  e x a c t l y  the  r e a s o n  why the  c o m p u t e d  c o r r e l a t i o n  func t ions  a r e  we l l  d e s c r i b e d  
by the  s i m i l a r i t y  r e l a t i o n  (2.6)~ Thus ,  the  s u r p r i s i n g  r e s u l t  r e v e a l e d  by the  c a l c u l a t i o n s  has  now found an 
e xp l ana t i on .  

I t  m a y  we l l  be tha t  the  e x p e r i m e n t a l l y  o b s e r v e d  s i m i l a r i t y  of the  func t iona l  f r e q u e n c y  d e p e n d e n c e s  of 
the  e n e r g y  s p e c t r u m  and the  m o d u l u s  of the  n o r m a l i z e d  c r o s s - s p e c t r a l  d e n s i t y  a r e  not a m e r e  c o i n c i d e n c e  
but r a t h e r  a r e  a phenomenon  c a u s e d  by s o m e  i n t r i n s i c  r e g u l a r i t i e s  of  the  fu l ly  d e v e l o p e d  t u r b u l e n t  bound-  
a r y  l a y e r .  I t  i s  not p o s s i b l e ,  h o w e v e r ,  to p r o v e  o r  r e f u t e  t h e o r e t i c a l l y  the  c o m p u l s o r y  na tu r e  of t h i s  s i m i -  
l a r i t y ,  and fo r  the t i m e  be ing  i t  shou ld  be a c c e p t e d  as  an  e x p e r i m e n t a l  fact .  

The  s i g n i f i c a n t  d e v i a t i o n  of the  e x p e r i m e n t a l l y  o b s e r v e d  s p e c t r u m  (2.3) f r o m  the exponen t i a l  f o r m  
(3.5) g i v e s  r e a s o n  to e x p e c t  t ha t  t he  f o r m u l a  of s p e c t r a l  r e l a t i o n s  wi l l  be s a t i s f a c t o r i l y  a c c u r a t e  for  the  
wa l l  p r e s s u r e  f ieM benea th  the  t u r b u l e n t  b o u n d a r y  l a y e r  on a f l a t  p l a t e .  A p r o c e d u r e  fo r  g r a p h i c a l l y  s o l v -  
ing equa t ion  (3.4) is  shown in F i g s .  3 and 4 for  L = 0.63, 0.40, 0.25, and 0.10. I t  m a y  be s e e n  tha t  fo r  p r o p -  
e r l y  s e l e c t e d  v a l u e s  of ~~ the  r i g h t -  and l e f t - h a n d  s i d e s  of (3.4) have  a p p r o x i m a t e l y  the  s a m e  f r e q u e n c y  
d e p e n d e n c e .  In  F ig .  1, the  v a l u e s  of func t ion  L(~ ~ d e t e r m i n e d  in th i s  way a r e  c o m p a r e d  wi th  i t s  v a l u e s  o b -  
t a i n e d  on a c o m p u t e r  f r o m  e x a c t  f o r m u l a s .  I t  m a y  be s e e n  t ha t  the  a c c u r a c y  of  (3.4) is  c o m p l e t e l y  s a t i s -  
f a c t o r y .  

4. Othe r  A p p r o x i m a t e  R e l a t i o n s .  If  the  e n e r g y  s p e c t r u m  is a s s u m e d  to have  the  fo rm (3.5), the  n o r -  
m a l i z a t i o n  cond i t ion  

c o  

f P (0, co) dco z <p% 
o 

t o g e t h e r  wi th  the r e q u i r e m e n t  of  the  b e s t  a p p r o x i m a t i o n  of  s p e c t r u m  (2.3) m a k e  i t  p o s s i b l e  to d e t e r m i n e  the 

c o n s t a n t s ,  and  to w r i t e  

P (0, ~) u1 (4.1) <p'-'> 5" ~ 0.548 exp (-- 0.548D) 

By subs t i t u t i ng  (4.1) into (3.4) fo r  

we ob t a in  a s i m p l e  a n a l y t i c a l  e x p r e s s i o n  for  the  peak  v a l u e s  of  the  coe f f i c i en t  of the  long i tud ina l  s p a c e -  
t i m e  c o r r e l a t i o n  

] ~~ -1 (4.2)  L (~~ ~. (t + ~ ]  

In Fig .  1, i t  i s  shown tha t  r e l a t i o n  (4.2) i s  v e r y  c l o s e  to the  e x a c t  r e l a t i o n ,  if, a s  b e f o r e ,  o~ = 0.088. 

I t  is  not d i f f i cu l t  to ob ta in  an e x p r e s s i o n  for  the  long i tud ina l  s p a c e - t i m e  c o r r e l a t i o n s  

<p2~ B (~, "0 = U1 exp --  ~ (0.548 + ~ I ~~ [) --  ico --  T do~ 
- - c o  

0.548 (0.548 + a I ~o I) 
--  (0.548 + ~ I ~~ I) ~ + (0 --  i~, ~ IP (4.3) 
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whence  the a u t o c o r r e l a t i o n  c o e f f i c i e n t  is  

' r ( ~  <p~--T R (0, ~) = i + ~ . (4~ 

I t  c an  be r e a d i l y  s e e n  tha t  (4.3) can  be ob ta ined  f r o m  (4.4) by aff ine t r a n s f o r m a t i o n  of  (2.6) wi th  the  
a id  s c a l e  (4.2).  In F ig .  2, the  e x a c t  v a l u e s  of  the  s p a c e - t i m e  c o r r e l a t i o n s  a r e  c o m p a r e d  with  the  a p p r o x i -  
m a t e  v a l u e s  f r o m  (4.3)~ The  c o m p a r i s o n  r e v e a l s  a s m a l l  d i f f e r e n c e  be tween  the e x a c t  and a p p r o x i m a t e  
r e s u l t s .  

The  func t ions  R (~ ,T)  woro  c a l c u l a t e d  on a d ig i t a l  c o m p u t o r  for  the  v o c t o r  i n t e r v a l s  ~ ( } ,  ~?) a t  ~7 = 0. 
H o w e v e r ,  by s a t i s f y i n g  the a c c u r a c y  of  the  a n a l y t i c a l  r e l a t i o n s  b a s e d  on the  use  of  the  e n e r g y  s p e c t r u m  
(4.1),  c u m b e r s o m e  c o m p u t a t i o n s  can  be avo ided .  On the  b a s i s  o f (2 .1 )  and (2.2), r e l a t i o n  (4.3) can  be r e a d -  
i l y  g e n e r a l i z e d  to the  f o r m  

l 0.548 ( 0 5 4 8  + ~ 14 ~ I + 31 n ~ I) 
<p~> R(%,], r ) =  (054a+a lCl+~1~ol ) ,+ (0_ iSo l )~  

(q~ = ~IU1 / 6*Uo) 

(4~ 

Th i s  m a k e s  it p o s s i b l e  to c h a r a c t e r i z e  in c o r r e l a t i v e  t e r m s  the  s t a t i s t i c a l  p r o p e r t i e s  of  the  r a n d o m  
t u r b u l e n t  p r e s s u r e  f i e ld  on a f l a t  p la te .  The  a c c u r a c y  of (4.5) and (4.3) i s  a l ike ,  s i n c e  both a r e  d e r i v e d  un-  
d e r  the  s a m e  a s s u m p t i o n s .  

The  au thor  is  i ndeb ted  to  Yu. G. B l y u d z e  for  usefu l  d i s c u s s i o n s  of the  r e s u l t s  of t h i s  p a p e r .  
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